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An Algorithm for Exact Bounds on the Time
Separation of Events in Concurrent Systems

Henrik Hulgaard, Steven M. Burns, Tod Amon, and Gaetano Borriello

Abstract— Determining the time separation of events is a
fundamental problem in the analysis, synthesis, and opti-
mization of concurrent systems. Applications range from
logic optimization of asynchronous digital circuits to eval-
uation of execution times of programs for real-time sys-
tems. We present an efficient algorithm to find exact (tight)
bounds on the separation time of events in an arbitrary pro-
cess graph without conditional behavior. This result is more
general than the methods presented in several previously
published papers as it handles cyclic graphs and yields the
tightest possible bounds on event separations. The algo-
rithm is based on a functional decomposition technique that
permits the implicit evaluation of an infinitely unfolded pro-
cess graph. Examples are presented that demonstrate the
utility and efficiency of the solution. The algorithm will
form a basis for exploration of timing-constrained synthesis
techniques.

Keywords— Abstract algebra, asynchronous systems, con-
current systems, discrete event systems, time separation of
events, timing verification.

I. INTRODUCTION

IMING VERIFICATION is important across a num-

ber of fields ranging from real-time systems to VLSI
circuit timing. In this paper, we present an algorithm for
performing timing verification of a restricted class of con-
current systems. Of particular importance to the authors is
the timing verification of two classes of concurrent systems:
embedded real-time systems and asynchronous systems. In
the first case, we synthesize interface logic between sub-
components and verify correct timing of the resulting sys-
tem. In the second case, we synthesize efficient clock-less
systems by taking advantage of timing information. Again,
we verify that the resulting system is correct with respect
to timing.

Both of these classes of concurrent systems can be mod-
eled using a popular framework: independent concur-
rent processes that occasionally synchronize with one an-
other [1]. We develop in this paper an efficient approach for
verifying the timed behavior of a subclass of such systems,
namely, those without conditional behavior. Although this
may seem a severe restriction, it will be shown that thisis a
large and useful sub-class to consider. In fact, even for this
sub-class, the analysis is far from simple, and, furthermore,
the efficient solutions we develop provide groundwork for
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extending the classes of systems that can be verified.

Our algorithm determines tight bounds on the separation
times between system events given the propagation delays
through the system components. An event can be thought
of as an execution point in the system (i.e., a completion or
initiation of a computation or a synchronization). Depend-
ing on the level of abstraction in the specification, events
may represent low-level signal transitions at a circuit inter-
face or abstract behavioral control flow. This generality of
the underlying model allows the algorithms developed here
to be applied in a variety of domains, ranging from verifi-
cation of low-level timing behavior such as isochronic fork
assumptions [2] to performance evaluation of production
systems [3].

Related work in timing verification and analysis comes
from a variety of different research communities including:
real-time systems, software engineering, VLSI CAD, oper-
ations research, and distributed systems. One aspect that
much of the research has in common is its focus on analyz-
ing very general systems. This generality makes the timing
verification problem computationally difficult (often unde-
cidable).

For finite state systems, model checking is a popular ap-
proach [4]-[8]. The state graph is constructed taking timing
into account. Using efficient data structures (e.g., binary
decision diagrams), the representation of the state space
can often be kept at a manageable size [9], [10]. TIf the
system is specified as communicating state machines aug-
mented with timing information, timing verification can be
done by constructing the composite machine [11] or, if the
verified constraints are also expressed as a timed state ma-
chine, using language containment [12]. For non-finite state
systems, deductive proof systems can be used to argue over
the (infinite) set of timed behavior [13], [14]. Alternatively,
a decision procedure for a given logic can be developed [15].

These different models have in common that the sys-
tem under consideration is specified as a set of concur-
rent and interacting processes. Also, timing properties are
commonly specified as a bounded interval (some are more
powerful, e.g., the timed automata model). However, in
these approaches the specification language is very expres-
sive (often Turing equivalent), and the verification is at
least singly exponential. In contrast, some synthesis and
timing verification tools greatly restrict the classes of be-
havior which can be analyzed in favor of efficient verifica-
tion algorithms. We take such an approach and instead of
using general verification techniques, we develop an algo-
rithm that specifically analyzes the timing behavior of the
system.

One approach to the problem of efficiently finding
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bounds on the separation in time of two events is pre-
sented in [16], but only loose bounds are achieved. Tight
bounds are achieved in [17] and [18], but these algorithms
only handle a single execution trace (corresponding to an
acyclic process graph). Efficient algorithms can also be
achieved by restricting all delays between events to be a
fixed number rather than a bounded interval [19], [20]. Fi-
nally, several verifiers have been developed for specific ap-
plications [21]-[23]. We extend these approaches by mod-
elling a concurrent system as a set of communicating pro-
cesses where delays are bounded. However, to guarantee
an efficient analysis, we restrict each of the processes to be
completely deterministic, i.e., we eliminate the possibility
of conditional execution in a process. Timing verification
algorithms for more general systems can then be build on
top of the algorithms presented here [24].

Stochastic analysis, where delays are specified using
probability distributions [25]-[28] are suitable for perfor-
mance evaluation, for example, determining average uti-
lization and average response time. However, such models
are inappropriate for timing verification. The same is the
case for queueing net models [29], as they give average case
numbers in steady state execution, instead of worst case
numbers over all possible executions.

This paper 1s composed of six sections. We follow this
introduction with a formalization of the timing analysis
and in Section IIT we present an algorithm that solves the
maximum separation problem for acyclic graphs. This al-
gorithm is then extended in Section IV to handle cyclic
graphs by introducing a functional algebra that allows us
to implicitly analyze an infinite graph. Section V presents
an application of the timing analysis and finally Section VI
summarizes the contributions.

II. PROBLEM FORMALIZATION

As an example to illustrate the kinds of systems that can
be analyzed, consider the concurrent system consisting of
three processes that synchronize over two channels @ and
b, and perform some internal computation (delay ranges
specified in brackets):

repeat {
Synchronize a;
Compute [4, 10];

repeat {
Synchronize a;
Compute [1, 2];
Synchronize b;
Compute [1, 6];

repeat {
Synchronize b;
Compute [5, 20];

There are many questions regarding the temporal be-
havior of this system that we might ask: “How slowly
might the first process cycle?”, or “How long might the
second process be idle waiting on the third process?”, or
“How can we best speed-up the performance of our sys-
tem?” and “Which delays impact performance the most?”
To answer such questions we need to be able to determine
how the inter-process synchronizations affect the temporal
behavior of our concurrent system. For example, the first
process could obviously have a cycle period of at least 10
time units (the upper bound on the computation time) but
how much more delay might be incurred as a result of the
synchronization with the second process?

[4,10] a

Fig. 1. A process graph with three events, root, @ and b. The number
of lines drawn through an edge indicates the value of £ for the
edge.

In this section, we formally define the specification of the
systems amenable to our algorithm.

A. The Process Graph

We represent a concurrent system as a directed graph,

called the process graph. The process graph is a simple
modification of the event-rule system developed in [20].
The model can also be viewed as an extension of [17]
and [18], where we consider cyclic max-only or type-2
graphs, respectively. Process graphs are similar to timed
event graphs [19], marked graphs or decision free Petri nets.
Let G’ = (E', R') denote a process graph composed of
o a finite set of events, E’, the vertices of the graph.
o a finite set of rule templates, R’ the edges of the graph.
Each edge is labelled with two objects, a delay range [d, D]
with integer bounds (0 < d < D), and ¢, an integer (usually
non-negative) described in Section II-C. The set of events,
E', always contains a unique event, root, which is used to
specify the startup behavior of the system. For the example
in Fig. 1, which corresponds to the three-process example
in the introduction, we have

E' = {root,a, b}
R = {root [%0 a, root [%0 b, a MrLO]il a,
a B0 p Tt B2 gy

We restrict our analysis to well-formed graphs, that is,
graphs that are connected and have £(c) > 0 for all cycles
¢ in the graph, where £(¢) is the sum of the ¢ values for
all edges in the cycle ¢. Furthermore, roof must have zero
indegree, and for all other events v, there must be a path
from root to v, i.e., only root has indegree of zero.

B. The Unfolded Process Graph

Consider the process graph G/ = (E’, R'). We denote
the k'™ occurrence of event v € E’ as vy, and refer to k
as the occurrence index of vy. We can represent each of
the iterations of the process graph explicitly by unfolding
the process graph. Let E be the set of all event occur-
rences (infinite in one direction) and let R be the set of
rules generated by instantiating each rule template of R’
for each of the event occurrences in F. We call the in-
finite directed graph constructed from the vertex set E
and the edge set R the wunfolded process graph, denoted
by G = (E,R). G is a directed acyclic graph (DAG) that
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Fig. 2. A portion of the unfolded process graph for the process graph
in Fig. 1.

represents the infinite execution of the process graph, G’.
The set of event occurrences F can be defined recursively

from the basis clause F = {rooty} and the inductive clause:

ifup € E and u [4.DLe v € R, then viy. € E. The set of

edges in the unfolded process graph R is defined as:

[d,D]e
—

R:{ukw’r—D}UkH u v € R and uk,vk+EEE} .

Note how ¢ is used to relate event occurrence indices, e.g.,

b oL a € R' constrains the k'™ occurrence of b to the
(k+ l)th occurrence of a. For this reason, ¢ is called the
occurrence indez offset. Fig. 2 shows a portion of the un-
folded process graph for the example in Fig. 1. Events
can be characterized as repeatable or non-repeatable corre-
sponding to whether there is a cycle in the process graph
containing the event. The event roof is non-repeatable as it
has indegree of zero. A non-repeatable event will occur at
most once in the unfolded process graph while a repeatable
event occurs an infinite number of times. Non-repeating
events arise because a non-trivial DAG can be used for
specifying the startup behavior. For convenience, we drop
the occurrence index (zero) when referring to occurrences of
non-repeating events (e.g., we write root instead of rootyp).

C. FEzecution Model

An ezecution of a process graph is the consistent as-
signment of time values to event occurrences. A #timing
asstgnment, T, maps event occurrences to global time, thus
T(vg) is the time of the k™™ occurrence of event v. The
delay information in R restricts the set of possible timing
assignments. Formally, we define constraints on the time
values introduced by each event occurrence, i.e.,
tent timing assignment satisfies:

a consis-

maX{T(uk_s) +d ‘ Up—e [4.0] v € R} < 7o) <

(1)
maX{T(uk_E) +D ‘ Up_¢ [9.0] v € R} .

The constraints on 7(vj,) embody the underlying semantics
of a process graph’s execution, i.e., an event can occur only
when all of its incident events have occurred. Each incident
event is delayed by some number in a bounded interval
[d, D]. Thus, the earliest time at which v can occur is
constrained by d values, the latest by D values. Fig. 3
shows a possible timing assignment for the graph in Fig. 2
obtained by choosing the upper bound, D, for all delays.

0 [4,10] 10 [4,10] 28 [4,10] 48 [4,10] 68

RVAVAVAVA

[5, 20]

0 [o,0] »

root

[

2 [5,20] 22 42 [57201 62 [57201

Fig. 3. A portion of the unfolded process graph for the process graph
in Fig. 1. The vertices are annotated with the timing assignment
7(vg) obtained by choosing the upper bound, D, for all delays.

D. Problem Definition

The problem we address in this paper is: given two
events, s and ¢ in E’' (s for source, t for target), and a
separation in occurrence index 3, determine the largest §
and the smallest A such that

Vk > max(0,0) : 6 < 7(tg) — T(sp—p) < A.

We address only the problem of finding the maximum sep-
aration, since the minimum separation, 8, can be obtained
from a maximum separation analysis of Vk > max(0, —/3) :
SA < r(sp) - Tt () < 0.

To determine the bounds on the time separation between
two consecutive a events, we wouldset s =t =aand g = 1,
and consider the bounds on 7(ay) — 7(ar—1). The timing
assignment in Fig. 3 indicates that the separation between
two consecutive @ events for the process graph in Fig. 1 is
between 10 and 20, i.e., that 10 < 7(a) — T(ag—1) < 20.
However, it turns out that there exists a timing assignment
such that 7(ax) — 7(ax—1) = 4 (for some k) and another
assignment such that 7(ay) — 7(ag—1) = 25. These are the
extreme cases and thus the tightest bounds are 6 = 4 and
A = 25.

The following two sections describe the theory and im-
plementation of an efficient algorithm for determining the
maximum separation, i.e., for finding A. However, the
reader may want to skip ahead to Section V for an appli-
cation of this kind of timing analysis before examining the
details of the Time Separation of Events (TSE) algorithm.

III. ALGORITHM FOR AN AcycLrLic GRAPH

Our algorithm for analyzing a process graph is based
on an algorithm that determines the maximum separation
in an acyclic graph [17], i.e., for a finite portion of the
unfolded process graph. In Section IV we will generalize
this algorithm for infinite unfolded graphs.

Consider a particular event occurrence, t,, of the event .
Let A, be the strongest bound for the separation problem
given the occurrence index a, i.e., 7(ta) — T(sa—p) < A,.
We can determine A, from a finite portion of the unfolded
process graph created by only including the vertices for
which there is a path to either ¢, or so_5. Name the re-
sulting graph G,. The algorithm consists of two simple
phases. We first compute m(vy), the longest path from vy,
to sq—p using the lower delay bounds of the edges:

m(vg) = max {d(h)

all paths vy A sa_,g} ,
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where d(h) is sum of the d values of the edges on the path
h. We can compute the m-values by a reverse topological
traversal starting from s,_g. If there is no path from v;, to
Sa—p, denoted by vy o4 sq_p, we can assign an arbitrary
constant to m(vg). Normally, we use m(v;) = 0 although
it sometimes is advantageous to choose different constants
for the various vy,.

Second, we compute M-values using the D values by
assigning M (root) = 0 and then for all other occurrences
in (normal) topological order:

M(vy) = maX{Xr

r:uk_aw’b—ngk,rEGa} (2)

where

min(0, M (ux—.) + D — m(ug—:) + m(vg))
if Vg ™~ Sq—8

M(ug-c) + D — m(ugp—c) + m(vg)
if Vg 7Z’> Sa—p

The maximum separation between s,_g and ¢, can then
be determined from A, = M(ty) — m(ta).

Informally, the algorithm works as follows: To maximize
the value of 7(ta) — 7(sa—pg) we need to find an execu-
tion that maximizes 7(¢,) and minimizes 7(sq—g). In the
first pass the algorithm determines the minimum separa-
tion from any event to so_g. In the second pass, events
are delayed as much as possible using D-values. However,
the delay for a given edge can not be assigned both d and
D. This is why simply taking the longest path from root to
to (using D values) and subtracting the longest path from
root to sq_g (using d values) will not work as the two paths
may share an edge in the unfolded graph. Instead we com-
pute X, to denote how much an event occurrence can be
delay before violating the constraint specified by the edge
r. The minimization with zero is to assure that if the event
occurrence was used to determine the m-values in the first
pass, X, is set to zero. This assures that only a single delay
value 1s used for a particular edge. If there is no path from
an event occurrence to so_g, the minimization with zero is
omitted. The following theorem states that this algorithm
in fact does calculate the maximum separation A,.

Theorem 1: Ay = M(ty)—m(ts) is an achievable upper
bound on the time separation between s,_s and %,.
Proof: (Sketch, full proof in [30].) The proof con-
sists of two parts. We first prove that for any consis-
tent timing assignment 7, we have 7(ta) — T(sa—p) <
Then we show that the class of tim-

X, =

M(ty) — m(ta).

ing assignments 7(v;) = M(vg) — m(vg) + ¢, where ¢ is
an arbitrary constant, correspond to legal executions, and
T(ta) — T(sa—p) = M(ta) — m(ta). [ ]

Applying the algorithm to the example in Fig. 1 (see
Fig. 4 for the computation of Aj) yields the following max-
imum separations:

[ A1 [As [Ag] A ]

m(ar) = 7(ak-1) < A (10 [24 ] 25 ] 2 |

4 0 0 0 0 24
10 10
a04>a14>a2 ag —— a1 —» a2
el \ / \ A St NN
roo root 6 \ /:3
bo — b7 0\~ bg — by
1 0 -1 * 18
Fig. 4. Finite acyclic graph, G5, for obtaining Ay for the process

graph in Fig. 1 given the parameters s = ¢t = a and 8 = 1,
i.e., sq_g = a1 and to = az. To the left the edges are labeled
with the d values, and the vertices are labelled with the m-values
obtained in the first phase of the algorithm. To the right the
edges are labeled with the D values, and the vertices are labelled
with the M-values obtained in the second phase. We obtain Ay =
M(az) — m(az) = 24 — 0= 24.

To compute A, the maximum separation in time over all
occurrences of s and ¢, separated in occurrence index by (3,
we maximize A over all values of k:

A= maX{Ak ‘ k > maX(O,ﬁ)} .

For the example in Fig. 1 we thus have A =
max{10,24,25,25 ...} = 25. The problem, of course, is
that this requires an infinite number of applications of the
algorithm. Note that none of the M-values can be reused
when computing Ay, for various k-values.

As the process graph is a repetitive system, presumably
the A values will eventually reach a steady state, for ex-
ample; Ap 41 = Ay for large k. Unfortunately, the behavior
of the Ay values can be non-monotonic and periodic, and
might even start out periodic and then later stabilize to
a constant value [31]. We believe no simple termination
criteria exists for this approach.

IV. THE TSE ALGORITHM

Our solution to the problem is based on a structural de-
composition of the unfolded process graph that exploits its
repetitive nature. By dividing the unfolded process graph
up into segments and representing the computation of the
finite graph algorithm in a symbolic manner we can reuse
the computations for each segment.

A. Introducing Functions

We introduce a symbolic execution of the acyclic al-
gorithm. Instead of computing the numeric AM-values
in (2), we compute functions that relate M-values with
one another. ~ We introduce the algebraic structure!
(F,®,®,0,1). Each element in F is a piecewise-linear,
monotonicly non-decreasing function represented by a set
of pairs. The singleton set, {({/,w)}, represents the
function f(z) = min(z + [,w). In general, the set
{{li, w1), (la, wa), ..., {ln, wn)} corresponds to the function

flz) = max{min(;r + b, w;) | 1<i< n} . (3)

We associate two binary operators with functions: function
maximization, f @ ¢, and function composition, f ® g. It

ISimilar to a (max, +)-algebra [19], [32]. The main differences
are that the elements of F are functions instead of numbers, the
max-operator maximizes functions, and the +-operator composes
functions.
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follows from (3) that function maximization is defined as
set union: f@® g = fUg. Function composition, f = g ® h,
is defined as f(z) = h(g(x)). Notice that we use left-to-
right function composition [33]. For g = {{l;,w1)} and
h = {{l2, ws)} we have

(9 ® h)(x) h(g(x)) = min(g(z) + I, w2)
= min(min(z + {1, w1) + l2, ws)
= min(z + l; + I3, min(wy + I3, ws))
= {(ll + 12, min(wl + 12, w2)>} . (4)

In general, let g = g1 ®---® g, and h = b1 H - --

where g; and h; are singleton sets.
is performed using distributivity:

® hm,

Function composition

g®h = @{gi®hj|1§i§n,1§j§m}.
The elements 0 and 1 are the identity elements for function
maximization and composition, respectively. We choose
0 ={}and 1 = {(0,00)}. Note that 0 is an annihilator
for function composition, ie., f®0 =0® f = 0 for all
f € F (even when f is a constant function). The alge-
braic structure (F,®,®,0, 1) forms a closed semiring, that
is, (F,®,0) and (F,®, 1) are monoids (i.e., are closed, as-
sociative, and have an identity), 0 is an annihilator (i.e.,
a®0=0®a=0), ® is conmutative, and @ distributes
over @ (including infinite summaries). Except for distribu-
tivity, these properties are trivially satisfied. Distributiv-
ity relies on the monotonicly non-decreasing nature of the
functions in F. Notice that function composition (®) is
not commutative.

The following observation leads to an important effi-
ciency optimization: If I; > I; and w; > w; for two pairs
pi = (l;,w;) and p; = (I, w;), then p; subsumes p; since
for all , min(x+1{;, w;) > min(z+!;, w;). Thus, a function
can always be represented as a list of pairs such that

Lh<lb<...<lpbandw; >ws>...>w,. (5)
Let f be a function satisfying (5). The scalar closure op-
erationof f, f*=1@f@® 2@ f3@® -, can be efficiently
computed by:
[ 1@ {{cc,wy)} ifl, >0
= { T if 1, <0 (6)

where w, is the w-component of the first pair with positive
l,ie,l;>0andif ¢ > 1then l,_; <0.

B. Functional Formulation of Acyclic Algorithm

We can now express phase 2 of the acyclic algorithm in
terms of functions. We will see that this functional for-
mulation has the advantage that we can compute A, in a
single pass. We associate a function, f., with each edge

[d,D

Up_¢ |’—>] vt in the unfolded process graph:

o {.0))
f"‘{ {{L, 00)}

if Vg ™~ Sa—g

if Vg 7@ Sa—g (7)

GOH(I1HQQ

TootV \f:’ /;5 \f‘s /?9

OHIM

Fig. 5. Fragment of unfolded process graph annotated with functions
corresponding to each edge.

where I, = D —m(ug_.) + m(vg). Let up_. LN vy, denote
this association. Notice that f.(M(ur—.)) is equal to X,
in (2).

Using function composition and function maximization,
we can create a function f that relates M (root) to M(vy),
ie., M(vy) = f(M(root)). Let Fy .., denote the function
relating M (u;) to M(vg). For all event occurrences, vy,
Fy,ev, is the identity function, 1. In general, the function
Frootsv, 18 defined recursively as

Frootb—vuk = @ {Fmotb—»uk_E ® fr Uk —¢ 'L’ v € R} .
(8)
The separation between s,_g and ¢4 is Ay = M(t) —
m(ty) where M(to) = Frootisn, (M (1001)) = Frootisy, (0).
For the example in Fig. 4 (see Fig. 5), we relate M (root)
to M(bg) with the function Frootst, = 1@ f3 @ f2 =
{(0,0)}a{(=1,00} & {(-3,0)} = {(-1,-1),{(-3,0)}. Eval-
uating the function at M (root) = 0 yields —1, which is the
value obtained for M (bg) to the right in Fig. 4. The func-
tions Frootisbo and Frootisa, are then used to relate M (root)
to M(ay), etc., until a function that relates M(root) to
M (ty) is created. In our example, t, = a3 and the con-
struction produces Froota, = {(22,25), (24,24)}. We get
Ay = Frootisa,(0) — 0 = 24, where Frootsq, is evaluated
according to (3).

C. Incrementally Computing Ay, Values

The algorithm for an acyclic graph can be used to deter-
mine Ay, for a specific value of k. However, we are inter-
ested 1n the maximum value of A over all k. The func-
tional representation of the acyclic algorithm allows us to
efficiently compute Ay for increasing k-values by reusing
the functions.

Assume we have constructed the function Freopt, for
the graph G. Note that because functions are associative,
they can be composed in any order. Following (8), we can
construct Frootz, either starting from root going forward
in the graph, or starting from ¢, going backwards. Start-
ing from the root node causes the function Frootsy, to be
constructed for each node vg. On the other hand, starting
from t, causes the function Fy, ¢, to be constructed.

Because m-values are computed backward from s,_g,
and each f, depends on the m-values at the event occur-
rences named in the rule r, we can reuse functions only if
we apply the backward method. This motivates a change
in the numbering of event occurrences. Instead of number-
ing events starting with zero and increasing as the process
graph is unfolded (forward), events are numbered relative
to a reference event. We use t, as the reference event and
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“(2) > A1) > a(o)

fa fs
Toot(z) \ Is fs

b(2) — b

Fig. 6. Fragment of unfolded process graph using relative occurrence

indices.
"
« VCk) >t(0) K k) [ UK >t(0)
root(y) root(ri1) T00t(k)
Fig. 7. To the left a generic graph, G(). To the right the graph

G(k+1).

let the relative occurrence index for node vy be o — k, writ-
ten v(z). By definition, the relative occurrence index for
to 18 0. Relative occurrence indices are positive for nodes
topologically left of ¢, in the unfolded process graph and
negative for nodes topologically right of ¢{,. Fig. 6 shows
the graph segment from Fig. 5 using relative occurrence
indices.

A finite portion of the unfolded process graph including
only event occurrences with relative occurrence index no
larger than k is denoted by (1. The graph in Fig. 6 is de-
noted G(z). We can find A, from the function Fmot(k)._,t(o)
in the graph G(3), since Ay, = Froot(k)Ht(D)(O) —m(t(o)).

Now consider finding the next separation value, Ag41.
Instead of starting over from scratch, rebuilding the graph
G(r+1) and then forming the function for this graph, we
choose to reuse the work done in the computation of Ay
and instead extend G/(3) by the addition of |E’| new event
occurrences (and |R’| new rules) with relative occurrence
index k4 1. This is illustrated in Fig. 7.

Functions for the nodes in G(;41) that are also in Gy,
are unchanged since the m-values for these nodes have not
changed. Computing the functions F ¢, for the new
Y(k41) nodes can be accomplished using O(| R'|) scalar func-
tion operations. This results in an efficient one-pass al-
gorithm computing Ay values for increasing values of k.
Fig. 8 shows G} for the example in Fig. 1 for k = 1,2,3
and the corresponding functions for the added nodes.

This incremental way of computing Ay leads to a par-

“10 o)} T {(24, 24)} {(40, 25)}
\ /‘1(0) a \ /}1) """ - a(u) a \ /}2) rrrrrr »a 1») rrrrrr - a(D)
b(1) r—'b(l)

/ ({6, %)} / {<zs cof}

root(a) root(2) root(l)

Toot q root(2) root(l)
{{(10, 10)} {{24,24)} {(40, 25)}
G G2 G

Fig. 8. The graphs G(1), G(2), and G(3) and corresponding functions
for computing A; = 10, Ay = 24, and Az = 25, respectively.
Only the solid edges are added in each iteration.

tially correct algorithm for computing A, the maximum
separation over all Ay values. Compute the Ay values
starting from the graph G(max(0,5)) and maximize over Ay
values for increasing k. Bounds on A from above and from
below can be determined for each iteration. If the bounds
converge, we can stop and report the result. The algorithm
is only partially correct because the derived bounds may
not converge. This is discussed below.

Computing a lower bound on A, Al is straightfor-
ward. Because A is the maximum of Ay values over all
k > max(0, 8), the maximum of any subset of Ay, values is
a lower bound on A.

In order to compute an upper bound on A we need to
introduce a cut of the graph G(;). The cut is defined by
a cuisel, a set of relative event occurrences (members of
G(k)) such that for each further unfolding, G;y, j > k,
every path from rooi(;) to (o) goes through an element of
the cutset.

For a given cutset X for Gz, the function from root(y)
to (o) can be expressed as

&, {Fmtw)**%) ® Fugjy—14 ‘ u@) € X} NG
For further unfoldings of the process graph, only the func-
tions to the left of the “®” symbol in (9) change. By replac-
ing the functions Fmot(k)._,u(j) with “worst case” functions,

we can compute an upper bound on A, AT, The following
lemma is used to bound the range of functions.

Lemma 2: Let f be a function constructed for a sub-
graph where all nodes have a path to sz). Then Vz :
fr) <0,

Proof:  As all nodes have a path to s(s), f is constructed
from pairs of the form (/,0), where ! is any integer. From
(4) it follows that all pairs in f, (I, w), have w < 0 (from
a simple induction on the number of compositions). The
result then follows from (3). |

By evaluating the functions Fy s, at 0, 1.e., replacing

Frootsu with 0 in (9), we obtain an upper bound on A:

T = max { Pugyeii (0) | wg) € X} = mlto)) . (10)
The upper bound may improve when further unfolding the
graph and choosing a new cutset X that separates the
graph so that more nodes are included to the right of the
cut. Note that only when all nodes v(;) topologically left
of the nodes in X have a path to s(gy does (10) compute an
upper bound on A. If vy o5+ s(5), the functions left of X
may not be constructed from pairs of the form (/,0) (but
rather of pairs of the form (I, 00)) and Lemma 2 does not
apply.

Each time a new Ay value is computed the bounds are
updated and if the bounds converge the algorithm termi-
nates. For the example in Fig. 8, the lower bound is 10,
24, and 25 for the three unfoldings, respectively. An upper
bound is found from the cutset X = {a(1),b1y}. For G,
no upper bound can be computed, i.e., AT = co. For G(2),
we choose X = {a(z),b(zy}. An upper bound is found by
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UNFOLD(G, s,t, 8, kmaxz)
1 k< max(0,p3)

2 Al — —x
3 AT —
4 while (A1 < AT Ak < kmag) {
5 Construct G(k)
6 Ak — Froot(k)b—»t(o (0) - m(t(O))
6 X CUTSET[G(kj
7 AL <—maX(AJ‘,Ak)
8 AT — maX{Fu(j),_,t(D) (0) | u(5) € X} — m(t(o))
9 k—k+1

10 }

11 1retu1m(AJ-7 AT,X)

Fig. 9. Algorithm for unfolding the process graph and computing
bounds on A.

maximizing the function at the nodes in the cutset evalu-
ated at 0: max(min(2440,24), min(25+0,00)) = 25. This
is also the upper bound for (G(3). Thus, after three unfold-
ings the bounds converge and the maximum separation of
25 can be reported.

A subtle point is that the lower bound A+ can be larger
than the upper bound AT. The reason is that the bound
AT for a given graph G(r) is a bound on all further unfold-
ings,ie.,Vj>k:A; < AT. But there may be some initial
transient behavior that forces the first event occurrences to

be separated by more than can be achieved later. For exam-

ple, by changing the initial edge root (R.01,0 b to root (0410 b
for the process graph in Fig. 1, we get A; = 100, but
Vj > 1:A; = 25. After one unfolding we have A+ = 100

and AT = Ay = 25.

The pseudo-code for the procedure UNFOLD is shown
in Fig. 9. The process graph is unfolded until either the
bounds converge or an upper limit on the number of un-
foldings, k,,qz, 1s reached. For each unfolding, the graph
is extended with O(|E’|) new nodes and their functions.
Given a cutset X for the graph, the bounds on A are deter-
mined. This approach for finding the maximum separation
between two events is efficient on some examples [16], but
has two major drawbacks.

First, we know of no necessary condition for determining
when to stop unfolding the graph and report the result, i.e.,
the bounds derived above may not converge. Second, even
if a necessary termination condition is developed, the ap-
proach may be inefficient. There are examples [30] where it
is necessary to unfold the process graph many times before
the bounds converge and the necessary number of unfold-
ings depends on the delay values of the process graph. In
fact, the number of unfoldings can be made arbitrarily large
by changing the delay values.

We now consider the structure of the m-values. It turns
out that after a number of unfoldings they enter a regu-
lar and repetitive pattern. This can be used to implicitly
analyze the infinite unfolded process graph, leading to an
efficient algorithm that addresses the two problems just

described.

22 17 12 8 4 0

a(e) a(5) a(4) a(3) ‘1(2)\—’ dar— Yo)
(6) b(s) b(a bea) b2 b(1) b0
21 16 6 1

Fig.10. A portion of the unfolded process graph for the process graph
in Fig. 1 labeled with m-values (s(gy = a(1)). The m-values
repeat when m(a(y)) — m(a(s)) = re* = 5 which occurs after
three unfoldings relative to a(yy, thus k* = 3. The occurrence
period of the repetition is one, 1.e., e* = 1.

D. Repetition of the m-values

Recall that m(v(;)) is the longest path vy ~ s(5) us-
ing the lower delay bound on the edges, d. Since the m-
values are constructed from a repetitive system (the process
graph) the values eventually are determined by the mazi-
mum ratio cycles in the process graph [34]. A maximum
ratio cycle ¢ is a cycle with ratio d(c¢)/e(e) equal to that of
the maximum ratio r:

= max{ 47

Intuitively, when the m-values for all event occurrences are
determined repetitively using maximum ratio cycles, we
say the m-values repeat. Formally, for a strongly connected
process graph there exists integers £* and ¢* such that for

all k> k*+ 8 and all v € E’

¢ a simple cycle in G'} .

(11)

where k* is the number of unfoldings of the process graph
(backwards relative to so_g) before all of the m-values re-
peat and £* is the occurrence period of this repetition.

Fig. 10 illustrates the behavior of the m-values for the
process graph in Fig. 1. Both k* and &* are values spe-
cific to a particular process graph. For example, changing
the delays [4, 10] and [5, 20] to [999,1000] and [1000,1000],
respectively, changes? k* from 3 to 998.

Both ¢* and k* can be efficiently computed by using
the dioid algebra [19]. We form an |X| x |X| matrix that
represents the m-value computation for one unfolding of
the process graph. By closing this matrix (in the dioid
algebra) we obtain ¢* and £* (see [30] for details).

m(V(kqe)) — m(v)) = re*,

E. Introducing Matrices

The notion of a cutset was introduced in computing an
upper bound on A. We now expand on the use of cutsets. A
node vy is left of (or in) the cutset X, denoted v(z) < X,
if Jugy € X vy ~ uggy or vy € X. A cutset X is left
of (or equal to) the cutset Y, X <V, if Vo) € X 1y X
Y. Finally, X4, denotes a cutset X shifted to the left by
w :X<<w = {v(k+w) | U(k) S X}

Now consider two cutsets for the graph G, X and
Y. We overload F' to denote a mairiz of functions:
Fx..y denotes the |X| x |Y| matrix containing func-
tions relating M-values at nodes in X to M-values at

2Note that only the lower delay bounds affect k*.
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nodes in Y. Using (&, ®) matrix multiplication, that is,
function maximization for scalar addition, and function
composition for scalar multiplication, we can decompose
Froot(k)b—»t(u) as Froot(k)b—»t(o) = Lrootpy—X Fx vy FY»—»t(O)a
where Frooty—x is a row-vector, Fx..y is a |X]| x |Y|
matrix, and Fy._,t(n) 1s a column-vector. The result of mul-
tiplying the three matrices is a 1 x 1 matrix whose single
element 1s the function Froot(k)Ht(D).

For the graph in Fig. 6, a possible decomposition is X =
{(1(2), b(z)} and Y = {a(l), b(l)} yielding

Froot(Q)»—»X FX|—>Y FY»—»t(U) =

Ja Ja® [s
(fi heofsdf) < Fs Fsofs B fo

) < Iz >
Jo '
F. Putting It All Together

A key observation is that when the m-values repeat,
i.e., (11) holds, the difference in m-values between any two
nodes is the same as the difference for the same nodes £* oc-
currences further back in the unfolded process graph. Let
Xo denote a cutset such that the m-values for all nodes

left of X repeat. Then, for all edges u ;) M U(r), where
v(g) = Xo, (11) implies that

(12)
From (7) and (12) it follows that the function for the

edge u(jter) [ﬂ U(r4e+) 18 the same as for the edge

m(U(]'+E*)) — m(v(k_l_a*)) = m(U(]’)) — m(v(k)) .

u(j) 4.0] v(k). Therefore, considering a segment defined
by two cutsets, X and Y, the functions relating the M-
values of the nodes in the cutsets are the same as those
relating the M -values of nodes in the cutsets shifted to the
left by any multiple of &*:

(13)

as long as Y < Xy. By choosing the cutsets X and Y
appropriately, we can construct the functions for one seg-
ment and reuse this segment for later occurrences. Let
X =< X and let T be a |X| x 1 matrix defined as
T = Fxeip,- We let R; denote a 1 x |X| matrix de-
fined as R; = r00t (g 41y — X i1 where 7 is a non-negative
integer parameter and kg is such that Ry T is the func-
tion for the graph G(,). Finally, S; denotes the square
matrix 8; = Fix g, X, Thus, R; represents the initial
segment and the matrix S; represents one “unfolding” of
G’', i.e., the functions for a portion of the graph confined
by X«it1 and X;. Again we overload F' and use Fly
to denote the function for the graph G(j,4n) for n > 0,
i'e'a F[n] = Froot(k0+n)»—>t(u) =R,8,.18,2---838; 5, T.
Fig. 11 illustrates how Fj,) for n = 1,2,3 is obtained by
piecing together an R; segment and multiple S; segments.
From (13) it follows that some of the R; and S; matrices
are the same. In particular, all S; matrices separated by a
multiple of £* are identical: Vi > 0 : S; = S; mod «+, and
this is also true of every R; separated by &*. This prop-
erty can be used to find every £¥’th function efficiently, i.e.,

Vn Z 0: FX<<,LE*|—>Y<,”* = FX|—>Y

?( ta X Y2 Xt X
¢ T >J<o) s T >xt<o> siisolf T >J<o)
Ro R,
oy od )
Fig. 11.  Construction of F[,) for increasing n. The function F,

for n > 0 is constructed from R, S,,_1S,,_2---S1SoT. The
figure shows the three graphs for the construction of Fg), F1],
and Fjy).

Flpev) for any n > 0 is computed as

F[na*] = RuexSpes18pev_2--- 815, T
= Ro(S)"T, (14)
where the square matrix S is defined as S =

Scv_18:4_9---818q. Note that if e = 1, the S; matrices
are independent of ¢ and we get S = Sg. The maximum of
Flpesq over all n > 0 is found directly from (14):

P Fne1=RoTORSTO RS’ TO RS’ T -+,

n>0
(15)
which by matrix algebra can be
rewritten as Ry (I@ SpS?psSig-- ) T, where I is the
identity matrix. By defining R to be the maximum over
£* unfoldings

R:EB{RZ»SZ»_lsZ»_2-.-sls0 ‘ O§i<5*} ,
we can find the maximum of F,j over all n > 0 from

Prg=RIosos*’®S°® ) T=RS*T, (16)
n>0

where S* is the matriz closure of S. A matrix clo-
sure algorithm [35] can be used to compute S* because
(F,®,®,0,1) forms a closed semiring. This is the key
observation that allows us to implicitly analyze the infi-
nite unfolded process graph. Evaluating the function com-
puted by RS*T at 0 and subtracting m(t(g)) computes
Asp, = maX{Ak | k> ko}. The matrices R and S can be
computed in a single sweep, unfolding the process graph £*
times backwards, starting from X < Xj.

The pseudo-code for the TsE-algorithm is shown in
Fig. 12. Note that for a strongly connected process graph
the TSE algorithm is guaranteed to terminate and find the
tightest possible bound. The matrix closure in (16) implic-
itly performs an infinite analysis, thus producing an exact
bound in finite time.

The TSE algorithm requires the process graph G’ to be
strongly connected. Otherwise the m-values may not all
eventually repeat, i.e., (11) is only guaranteed to hold for
strongly connected process graphs. However, there are
some classes of non-strongly connected process graphs that
can be handled by the TsE algorithm with minor modifi-
cations. Clearly, if the m-values for all nodes in a non-
strongly connected process graph eventually repeat with
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Tse(G', s,t,3)

k* — COMPUTE-k*[G’, 5]

e* «— COMPUTE-e*[(, 5]

(AL, AT, X) — UnroLD[G', 5,1, 8, k* + (]

if AL > AT then return At

T ~ FX»—nt 0)

for i — 0,1,.
R; « F,

e =1

oot(k0+l)b—>X<l
S; — Xgit1—Xgi

oo

S 0 S;
(2 7)ol
11 F—RS*T
12 AZ"“*‘F»@' <—F(0)—m(t(0))
13 return max(Asgsis, AL)

© 0 IO Ul WK

—
o

=]
~——

Fig. 12. Algorithm for determining the maximum separation between
events s and t separated by 3 in occurrence index. G’ is a well-
formed strongly connected process graph.

the same period, the TSE algorithm can be applied without
modifications. Another class that can easily be handled 1is
when all the m-values for all nodes either repeat with the
same period or do not have a path to s(s). Recall that
when vy o4 s(g), we can assign an arbitrary constant to
m(v(r)). In particular, we choose these m-values such that
they repeat with the same period as the m-values of the
events that have a path to s(4).

G. Efficiency Considerations

There are two potential inefficiencies associated with the
TSE algorithm. These inefficiencies are not usually encoun-
tered in practical applications.

1. Both £* and k* depend on the delay ranges and are not
polynomial in the size of the process graph.

2. The size of the representation of a particular function
may be as large as the number of paths between the two
events related by the function.

Point 1 is potentially serious, however in most realistic
process graphs, e = 1 (see [20]). &* is more of a concern
because it can be large if there exists a cycle ¢ such that
d(e)/e(c) is almost equal to 7.

Although the time required to perform the scalar oper-
ations is linear in the size of the operands, this does not
imply that a polynomial number of scalar semiring oper-
ations can be performed in polynomial time. In fact, the
size of the functions can potentially be as large as the num-
ber of paths between the vertices that the functions relate.
In practice the functions can be efficiently pruned and the
size of the functions seems to grow linearly with respect to
the size of the process graph.

H. Erample

Consider the example from Fig. 1 for s = ¢ = a and
8 = 1. The m-values repeat after three unfolding relative
to the s(g) node (k* = 3) or k¥ 4 § = 4 unfoldings rela-
tive to the #(g) node (see Fig. 10). The repetition period
is 1, i.e., ¢ = 1. Calling UNFOLD causes the construction
of Gy for i = 1,2, 3, as illustrated in Fig. 8. After three

R \\\\ S \\\\ T S(‘ﬁ) tr)
a(s) F(sy > %(4) N (4) a(3) a(3) a1y a(0)
RN NS
’"°0f<5ﬁ\>‘b(;3\b<s> \b@i\bu) \?,(3)/ \bw)/ \bm/

Fig. 13. A decomposed unfolded process graph corresponding to the
process graph in Fig. 1.

unfoldings the bounds converge (see Section TV-C) and the
maximum separation of A = 25 is reported. For this sep-
aration analysis it is not necessary to construct R and S
and perform the closure, i.e., the TSE algorithm will stop
at line 4. However, for the sake of illustration, we show the
decomposition and the corresponding matrices constructed
if the bounds had not converged in line 4. Fig. 13 shows the
unfolded process graph. The segment represented by the
matrix T is unfolded k* 4 3 = 4 times. We chose the cutset
Xo = {a(a), beay} such that the m-values for all nodes left
of Xy repeat. Because ¢* = 1, we have that R = R; and
S =S, for ¢ > 0. The matrices are

The closure of S is:

*k _ TEB{<OO:O>}
> = ( {{00,0)}

yielding the final product F = RS*T = ({(c0,25)}). The
maximum separation between ap_1 and aj for £ > 4 1is
computed from the function F' = {(c0,25)}, i.e., Asy =
F(M (root(sy)) — m(a)) = F(0) — 0, yielding 25.

_ (o0, 0)} )
1D {(c0,0)}

V. APPLICATION

The TsE analysis 1s fundamental for performance analy-
sis, timing verification, and optimization of concurrent sys-
tems. Classical performance measures can be derived based
on the maximum separation in time of events. Bounds on
the latency between two events s and ¢ are determined from
a separation analysis of 7(¢;) — 7(s; ). Bounds on the cycle
period for event s can be obtained from 7(s;) — 7(sp_1).
These measures give best and worst case delays from one
event to the next. The best and worst n-term moving av-
erages can be obtained by computing Wbﬁ

Timing verification is another area of application of the
TSE analysis. Consider a timing constraint that specifies
the maximum time, A, that may elapse from an event s to
its response . It must be verified that 7(¢;) — 7(sz) < A
for all k£, which is directly obtainable from a TSE analy-
sis. Similarly, a constraint specifying that at least a given
amount of time, §, must pass between two events, i.e.,
8§ < 7(tr) — 7(sx) corresponds to the lower bound from
the TSE analysis.
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Transmitter Receiver
Sync. —» Completios —» Sync.

: . . FIFO : .
circuitry Encoding circuitry
- (-
> D

Global Clock

Fig. 14. STARI communication.

Here we present an specific example that demonstrate
the applicability and efficacy of the TSE algorithm. Other
examples have been presented elsewhere [2].

A. STARI

STARI is a novel approach to high-bandwidth communi-
cation proposed by Greenstreet [36]. STARI combines syn-
chronous and self-timed design techniques. The sender and
receiver operate synchronously at the same clock rate, but
the communication interface consists of an asynchronous
FIFO queue. The overall structure is shown in Fig. 14
(from [36, Figure 5]).

The idea in STARI is to time the system such that the
FIFO operates at the speed of the clock, accepting a new
data item every clock cycle. The system is initialized to a
state where the FIFO is half full. By taking the absolute
delays (indicated by delay elements in Fig. 14) into ac-
count in the initialization phase, arbitrary clock skews and
transmission delays can be tolerated. The FIFO makes
the system tolerant to dynamic changes of the delays, i.e.,
STARI is tolerant to variations in clock skew, to variations
in the clock period and to variations in internal delays. If
the variations becomes too large, the FIFO overflows or
underflows and STARI fails. The amount of variation of
the delays that can be tolerated depends on the length of
the FIFO, the clock period, and the delay of the FIFO
elements.

Greenstreet [36] has derived sufficient timing conditions
under which STARI operates correctly. The correctness
proof for these conditions is quite complicated (approx.
20 pages). Here we show how the maximum separation
analysis can be used for timing verification of a STARI
implementation. Given the clock period, the delay ranges
for FIFO elements and the variation in clock skews, we
can prove whether STARI is timed correctly. Consider a
STARI implementation with a three stage FIFO (followed
by a latch controlled by the receivers clock). The control
structure is shown in Fig. 15. The corresponding process
graph is shown in Fig. 16. We use the notation “z {” and
“z |” to denote a rising and a falling transition of the sig-
nal z, respectively. The arrow is part of the name of an
event and in the process graph there is no implicit relation
between z T and z |. The marks on the edges indicate the
initial state of a half full FIFO: the two first stages of the
FIFO wait for a request from the sender while the third
stage waits for an acknowledge by the receiver. The pro-
cess graph is not strongly connected because the FIFO is
not constraining the clock period.

For the correct operation of STARI, the synchronous

Self-timed FIFO

40 <%> yl y2 C y3

Fig. 15. Control structure of STARI implementation with a three
stage FIFO followed by a latch. The logic symbols denote Muller-
C elements.

y01 yl)l>< y27 y4f><
yol yll y2] y3|—t—>y4]
root
t i T
skew clk T skew
T T
skew® skew”
etk |
Fig. 16. Process graph for STARI control structure.

components (i.e., the sender and the receiver) must ad-
here to the asynchronous protocol of the FIFO; the sender
can only insert a new data item in the FIFO when the
previous one has been acknowledged, and the receiver can
only acknowledge a data item after it has been output from
the FIFO. Referring to the signals in Fig. 15, the require-
ments for correct operation of STARI are that a transition
at y0 is acknowledge by yl before another y0 transition,
and similarly that y4 changes before it is acknowledged by
y5. Thus, the following four timing relations need to hold
for all possible executions in order to guarantee correct op-
eration:

T(ylla) < 7(¥0la) (17)
T(ylla) < 7(¥0Tay1) (18)
T(¥41a) < 7(¥5Tay1) (19)
T(ydla) < 7(¥5la) (20)

We can verify (17) by determining the smallest A such
that for all a, 7(yl T4) — 7(¥0 lo) < AL If A <0, (17)
holds. The other three inequalities have similar analyses.
Thus, by applying our algorithm four times we can verify
the correct operation of the STARI protocol for all possible
delay variations in the specified ranges.

Table I shows the result for different values for the clock
period (7), and for different variations of clock skew to the
transmitter (skew®) and to the receiver (skew”). The CPU
time to verify the four conditions is less than a second on

a SPARC 2.

VI. CONCLUSION

We have presented an efficient exact solution to a funda-
mental problem for timing analysis and verification of con-
current systems, namely, the determination of bounds on
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TABLE 1
TIMING ANALYSIS OF STARI. 74 IS THE LOWER BOUND ON THE
CLOCK PERIOD (THE UPPER BOUND IS IRRELEVANT FOR THE

CORRECTNESS OF STARI), skew! AND skew”™ ARE THE VARIATIONS
IN SKEW TO THE TRANSMITTER AND RECEIVER, RESPECTIVELY. THE
DELAY THROUGH A C-ELEMENT IS SET TO [2,3] IN ALL CASES. Ay 18

THE MAXIMUM SEPARATION CORRESPONDING TO EQUATION (7).
CORRECT OPERATION OF STARI IS INDICATED WITH A CHECKMARK

IN THE OK COLUMN.

‘ L) ‘ skew? ‘ skew H A(N) ‘ A(lg) ‘ A(lg) ‘ A(QO) H OK ‘
6 [0,0] [0,0] -3 -3 0 o
6 [0,0] [0,3] -3 -3 0 o v
6 [0,3] [0,0] 0 0 3 3
6 [0,0] [0,6] 0 0 3 3
6 [0,0] [6,6] 0 0 -3 -3 v
B [0,0] [0,0] =5 =5 —1 1
8 [0,3] [0,5] -2 -2 0 0l
8 [0,5] [0,3] 0 0 1 1
8 [0,0] | [0,12] 0 0 7 7
8 [0,0] | [12,12] 0 0 -5 -5 | v
8 | [12,12] | [0,0] -5 -5 8 8

the separation in time between two arbitrary events. The
major contribution of this paper is the structural decompo-
sition of the infinitely unfolded process graph which allows
the infinite graph to be implicitly analyzed to obtain the
tightest possible bounds. This aspect of the solution and
its algebraic formulation enables the algorithm to be effi-
cient in practice. Process graphs with hundreds of events
can be analyzed in a few seconds of CPU time on current
workstations [2]. We have recently, with promising results,
extended our algorithm to perform a similar timing analy-
sis on a class of Petri nets with conditional behavior [24].
Furthermore, we believe our approach of developing effi-
cient special-purpose analysis algorithms, that is, bottom-
up rather than top-down, offers a practical path toward the
development of algorithms for more general systems.
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