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Abstract

Using automated methods to analyze the temporal behavior of
manufacturing systems has proven to be essential and quite bene-
ficial. Popular methodologies include Queueing networks, Markov
chains, simulation techniques, and discrete event systems (such as
Petri nets). These methodologies are primarily stochastic. Perfor-
mance evaluation mandates results which are probabilistic in nature
(such as the average rate of part deliveries) and relies on probabilis-
tic inputs (such as the probability of breakdown, or the distributions
associated with a manufacturing process). This paper examines non-
stochastic analysis, which we argue can be useful for verifying correct
operation. We model manufacturing systems using timed event graphs
which are similar to decision free Petri nets augmented with timing
information, and present an example that demonstrates the efficacy
of non-stochastic analysis.
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Introduction

The majority of research involving the formal analysis of temporal issues in
manufacturing systems has focussed on stochastic techniques. Simulation,
Queuing networks, Markov chains, and Petri nets form the basis of many of
the most widely known and used methods. Performance evaluation, which
is concerned with answering questions such as “What are the average part
delivery times” or “What might the effect of a machine breakdown be?” is, it
could be argued, stochastic by its very nature. It is thus not surprising that
so much emphasis has been placed on stochastic methodologies. Algebraic
techniques have been developed for analyzing transient behavior [6], in which
it is claimed that the “deterministic approach may sometimes be more ade-
quate than assuming exponential service times.” The algebraic methods have
also been extended to stochastic systems [5]. Given the nature and quan-
tity of prior research, one might be tempted to conclude that non-stochastic
analysis using non-deterministic delays is non-essential and nonsensical. The
primary objective of this paper is to refute this assertion.

We believe that non-stochastic analysis is wvery relevant to the manu-
facturing domain. Stochastic analysis may be more suitable for analyzing
efficiency and utilization, but non-stochastic techniques are needed for veri-
fying correct operation. For example, we might allow a recently glued part to
proceed down a production line, and yet require it to be fully dry by the time
a later machine operates upon it. Given bounds on processing and drying
times we would like to prove that the part will always be dry. Non-stochastic

analysis can provide temporal guarantees which might be needed in order



to optimize the manufacturing process. Non-stochastic analysis can also be
used to provide insight into the dynamic nature of the manufacturing sys-
tem. Knowing the average amount of time it takes to produce a part does
not provide any information regarding whether consecutive deliveries could
potentially be quite close together or quite far apart. Non-stochastic verifi-
cation can be used to prove that a behavioral model of a system is invariant
with respect to a model transformation. This allows simplified models to be
used when more complex analysis methodologies will be employed.

Non-determinism is necessary, given that it is precisely the uncertainty
present in manufacturing systems which has led to simulation and stochastic
methodologies being so popular. Although in some cases it might make
sense to assume that processing times are fixed, it might also make sense
to assume that they vary due to differences in the parts being processed,
the temperature of the machine, etc. Modeling, by its very nature, relies
on abstractions of real world systems. Non-determinism is a very powerful
modeling tool, because it enables many different abstractions for real-world
complexities to be employed.

We follow this introduction with a description of the “Time Separa-
tion of Events” (TSE) problem and algorithm which determines tight (non-
stochastic) bounds on separation times given a description of a concurrent
system and lower and upper bounds on delays (e.g., processing and trans-
portation times). The TSE problem framework is used as a basis for the
example presented in the subsequent section, which demonstrates the rele-
vance of non-stochastic analysis to manufacturing systems. Conclusions and

limitations are then discussed.



Time Separation of Events

We consider a class of Discrete Event Dynamic Systems called timed event
graphs (TEGs), which are in many ways similar to decision free Petri nets
annotated with timing information. Many of the modeling techniques used
for Petri nets can thus be used for TEGs. Descriptions of Petri nets and
their use and relevance to manufacturing are quite prevalent in the literature,
and we refer readers to Murata’s tutorial [14] for further information. Our
work differs in that it is aimed at non-stochastic analysis and allows non-
deterministic delays. In this regard, it can be viewed as an extension of the
deterministic algebraic techniques [6].

The remainder of this section contains a formal description of TEGs and
the TSE problem and solution. Some readers may want to proceed to the
example section for a more informal description of TEGs and how they are

used to model manufacturing systems.
Problem Formalization

Let G' = (E', R') denote a timed event graph (TEG) composed of
o a finite set of events E', the vertices of the graph.
o a finite set of rule templates R', the edges of the graph.

Each edge is labeled with two objects, the delay range [d, D] (integers
with 0 < d < D), and a non-negative occurrence index offset . The set
of events, E’, always contains a unique event, root, which is used to specify
the startup behavior of the system. We can represent possible executions

of a TEG explicitly by unfolding the graph to create an infinite directed
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graph G = (E, R). The set of event occurrences E can be defined recursively
from the basis clause E = {rooto} and the inductive clause: if u; € E and

u B2k, € R, then v, € F. The set of edges R is defined as:

R = {uk ’[d’_DQ Vk+e

A simple TEG and a part of its unfolding is shown in Figure 1. The TEG
has E' = {root,a,b} and R’ = {root (.01 a, Toot (.00 b, a 'y a, a L2 b,

b g 2%

d,D),
w2 e R and Uk, Vpte € E} )

A timing assignment, T, maps event occurrences to global time, thus 7(vy,)
is the time of the k"™ occurrence (in the unfolded graph) of event v. The delay

information in R restricts the set of possible timing assignments:

7(vg) > max {T(uk_g) +d ‘ Up—e 0] v € R}

T(vg) < max {T(uks) + D ‘ Uk e 0] v € R} )

The constraints on 7(vg) embody the underlying semantics of a timed event
graph’s execution. Informally, an event occurs when it observes that all of its
incident events have occurred. The observation of an event is delayed with
respect to its occurrence by a delay chosen non-deterministically from within
the specified delay range [d, D] for the incident edge. Formally, the semantics
are based on the infinite set of inequalities represented via the unfolded graph.
Due to the repetitive nature of the system, these inequalities can be described
using a folded TEG. The delay values for the edges describe the temporal
constraints which the system meets and the € values describe the unfolding.

The problem we address, informally, is to determine what additional tem-

poral constraints can be inferred from the infinite set of inequalities. More



formally, given two events, /7™ and ¢! in E’, and a separation in occur-
rence index 3, we determine the largest 6 and the smallest A such that

Vk > max(0, 8):
§<T(te) — Tt ) < A

For example, to determine the bounds on the time separation between two
consecutive a transitions in Figure 1, we would set t/7™ = t** = g and 8 =1,
and consider the bounds on 7(ax) — 7(ak—1)-

Our model is fairly restrictive, in that it contains no conditional behavior
(choice) and the TEG must be strongly-connected (except for the root por-
tion). Extensions for handling non-strongly connected graphs are discussed
in [11] and choice in [9]. The sum of the ¢ values on every cycle in a well-

formed graph must be positive (this eliminates any potential for deadlock).
Problem Solution

In this section, we give an overview of the TSE algorithm (details can be
found in [3, 10]). We address only the problem of finding the maximum
separation, A, since the minimum separation, d, can be obtained from the
analysis of 7(tJ"™) — Tt (p) < 0.

Let A, be the strongest bound for the separation problem given a partic-
ular occurrence index a, i.e., T(t%) — T(tﬁTgn) < A,. We can determine A,
by applying a simple algorithm [13] to a finite portion of the unfolded TEG
created by only including the vertices for which there is a path to either ¥

or tfﬁ’g’. Let G4 = (Fq, R,) denote this graph. The algorithm takes time

linear in the size of GG,,.



Since we are interested in the bound on the separation in time of two
events over all occurrences, we would need to apply this algorithm an infinite
number of times to be certain that we have found the pair of events that
exhibit the worst-case behavior, i.e., A = max{A, |« > max(0, 3)}. As the
TEG is a repetitive system, presumably the A, values will eventually reach
a steady state, for example, A,y = A, for large a. Unfortunately, the
behavior of the A, values can be non-monotonic and periodic, and might
even start out periodic and then later stabilize to a constant value (see [12]).
We believe no simple termination criteria exists for this approach.

Instead, we formulate the simple algorithm in terms of an algebra that
will permit us to implicitly analyze the infinite graph. We introduce an alge-
braic structure (F, ®, ®,0, 1) which is similar to the (max, +)-algebra [4, 7].
Each element in F is a piecewise-linear, monotonicly non-decreasing function
represented by a set of pairs. The singleton set, {(/, w)}, represents the func-
tion f(z) = min(z + [, w). In general, the set {(l1, w1), (lo, wa), ..., {ln, wn)}

corresponds to the function
f(z) =max{min(z + [;,w;) | 1 < i< n}.

Function maximization, f = g @ h, is defined as f(z) = max(g(z), h(z)), and
function composition, f = g ® h, is defined as f(z) = h(g(x)). The elements
0 and 1 are the identity elements for function maximization and composition,

. . . . d,D .
respectively. We associate a function, f,., with each edge uy_. L; v in Gy

{(D = m(ug—c) +m(u), 00} if v~ 1%

fr=
{(D — m(ug—c) + m(vy),00)} i v >t



where m(vy) is the longest path from vy to té’fgz using the lower delay bounds

of the edges:

max {d(h) ‘ all paths vy, <& tﬁﬁ’gz} if vy~ tf;’fgl

m(vg) = ;
0 if Vg ’7@ tar_ogn

where d(h) is sum of the d values of the edges on the path h. Using function

composition and function maximization, we can create a function Fj,,; defined

recursively as

Uk—g LN v € Ra}

Fog =@ {F[uk_s] ® fr

where Firpo;s) = 1 and A, is computed by A, = Fyuey(0) — m(tl). We
can perform this construction in segments (because function composition is
associative) by introducing matrices whose elements are functions. By using
(®, ®) matrix multiplication we can write (F [tg’]) = RS T, where R is a row-
vector relating root, to a set of event occurrences in E,, S is a square matrix
relating these event occurrences to the same events one occurrence later, and
T is a column-vector with functions relating these event occurrences to t.

As an example, to find the maximum separation from tf;r_ogn =a to ¥ =
as in Figure 1, we construct the finite acyclic graph G5. The construction,
which is depicted in Figure 2, produces Fj,,) = {(22,25),(24,24)} and we
get Ay = Fig,)(0) — m(tl’) = 24 — 0 = 24. This result confirms what a
simple analysis would indicate. If 7(roots) = 0 then we could have 7(ay) =
2+4+20+6 = 28 and 7(a1) = 4, and this particular execution would maximize
T(ag) — 7(ay).

For a strongly connected TEG, the m-values eventually follow a periodic

pattern [4, 8]. By making T represent a sufficiently large portion of the
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unfolded TEG, S is identical for all subsequent unfoldings, making it possible
to reuse S. If A,y can be found from R T, we can compute A,py1 from
RST, and RS"T computes Ay, for any n > 0 (this is a slight over
simplification). The maximum over all A,g, is

PRS"T=R(IoS®S*®S*®... ) T=RS*T.

n>0
A matrix closure algorithm [1] can be used to compute S* because (F, ®, ®,0,1)
forms a closed semiring. The closure takes O(n?) time, where n is the dimen-
sion of S. Note that the algorithm is guaranteed to terminate and find the
tightest possible bound. Complete details regarding the TSE algorithm can
be found in [10] which explores other application areas, such as asynchronous
circuit synthesis. It should be noted that for reasonably sized examples (less
than 100 events) execution times for the TSE algorithm implemented on a

SPARC II are typically a few CPU seconds.

Modeling Manufacturing Systems: An Example

In a manufacturing context, the events in a timed event graph are typically
used to represent the start and completion points of machine processing or
part transportation. The edges contain delay information, such as bounds on
the processing time or transportation time. The execution model for timed
event graphs implicitly models synchronization, in that an event cannot occur
(e.g., a machine start processing) until all incident events have been observed
(e.g., all needed parts have been transported).

This model subsumes previously studied fixed delay models, and the non-

determinism allows natural variations in temporal behavior to be specified



and accounted for. Admittedly, some systems may not be realistically bound-
able (e.g., there is always a small probability of encumbering further delay).
For these systems, our algorithm reports on the behavior that would be guar-
anteed, assuming the delays remain within the specified bounds. Our model
is certainly a simplistic one, containing only synchronization and delay. Many
complexities present in real manufacturing systems would need to be han-
dled via abstraction or by more sophisticated models. There is a definite need
for additional research if more complex systems are to be analyzed. In the
remainder of this section, we present an example which demonstrates that
non-stochastic timing verification is necessary and useful. Although several
interesting modeling issues are discussed via our example, the Petri net liter-
ature contains many articles which describe how to use Petri nets to model
manufacturing systems (e.g., [2], [15]) and how to automate the synthesis of
these net models (e.g., [16]). Our algorithm can be used to analyze a variety

of models developed using these techniques.
Example

A simple production line is shown in Figure 3. Incoming parts arrive at a
and eventually exit at g. Two circular tracks are used to transport the parts
on dedicated carts/pallets. The event ¢ represents the location where parts
are moved from the first track onto the second. The diagram indicates the
initial behavior, i.e., we start with one empty cart on the first track, and two
empty carts on the second. Because we assume an infinite supply of parts,
the number of carts has a direct impact on production capability, as it limits

the rate at which materials can be processed.
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Bounds for the machine processing times and the transportation times for
the system are shown in Table 1. The processing time for M, is fixed, whereas
M and M3 are variable. The transportation times are either fixed or variable
depending upon whether or not any intersections must be crossed (i.e., we
have chosen to use conservative bounds on transportation times, rather than
introduce additional complexities). In order to simplify our example, all
activities that do not appear in Table 1 are assumed to take no time (e.g.,
loads, unloads, and the transfer).

The labels associated with the machining operations in Figure 3 will be-
come events in the TEG used to model this system. Figure 4 contains the
complete TEG for this system. The TEG and the graphical depiction in
Figure 3 share important similarities but are also quite different. Some of
the edges in the TEG are used to formally specify several important char-
acteristics of our example which we have not yet described. Like Figure 3,
however, the TEG does consist of two separate cycles joined at the transfer
point c¢. The cycle from a to b to ¢ back to @ models the first track, and
the cycle from ¢ to g back to ¢ models the second. The edges on the two
cycles are annotated with delay bounds specified in Table 1. For example,
M has a minimum processing time of 2 and a maximum processing time of
4. This results in the edge a Pi}}o b which formally specifies the inequality:
T(ax) +4 > 7(bx) > 7(ag) + 2. Note that there are two empty carts on the
second track and thus € = 2 for the edge from g to ¢ in order to properly
constrain the behavior. Thus, event c;, which represents the k' transfer of a
part from the first track to the second, cannot occur before event gj_s, which

represents the (k — 2)'® completion of a part by Ms.
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The self-loop at a is used to model acquisition of incoming parts, and
might constrain the performance of the system if additional carts are placed
on the two tracks. We assume there is only one vehicle, not shown in Figure
3, fetching raw materials for M; to process. Thus event a, which represents
the start of My, can occur only if parts have been delivered, and there is an
empty cart to put them on. We now discuss two important issues which ex-
plain the additional edges present in the TEG. These issues involve modeling
techniques that are well known in the Petri net literature, but each will be
discussed in some detail for completeness.

First, we must address the issue of what type of manufacturing process
each machine represents. Typically machines are restricted from operat-
ing upon other parts until they finish with the current one. An exception
would be a manufacturing process akin to transportation, e.g., a part mov-
ing through a furnace on a conveyor belt. In our example, machines work
on parts in a sequential manner, and thus there are edges from the three
machine completion events (b, e, and g) back to the corresponding events
for the start of machine processing (a, d, and f). For example, the edge
b % g requires that 7(ay) > 7(bg_1) which indicates that M; cannot start
work on a new part (i.e., event aj cannot occur) until it is finished with the
previous one (indicated by the occurrence of event by_;). Nonzero entries
for the delay bounds could be used if the machines could not work on new
parts immediately after processing a part (e.g., they needed to cool down).
Although not present in our example, an event corresponding to the comple-
tion of machine processing would have multiple outgoing edges if the process

produced multiple parts which were routed to different places.
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Second, we must worry about a very subtle issue: the possibility that
carts pass one another due to non-deterministic transportation delays. If
multiple carts are on a single track, we would like to indicate that a fast
(non-delayed) cart essentially piles up behind a slower (delayed) cart and
does not overtake it. This perspective is consistent with the fact that the
non-determinism in our model for transportation is not due to different cart
speeds but rather that carts can sometimes be delayed. Formally, we need to
ensure that 7(tx) > 7(t;_1) for any event ¢ and occurrence k. This can easily
be accomplished by the addition of self-loops with [0, 0] delay bounds. A self-
loop appears at event ¢ in our model, in order to explicitly prevent passing.
We could add self-loops for every event, however they are not always needed.
In fact, if the TSE algorithm can prove that 7(tx) —7(¢x_1) > 0 for all k£, then
we know that passing is not possible, and a self-loop at event t; would not be
needed. Of course this must be proven whenever the model is changed, and it
may be easier to simply include the self-loops. This analysis, however, might
be very beneficial in helping to reduce models which are going to be subjected
to more complicated analytical techniques such as a stochastic analysis. If
the self loop has no affect on the behavior of the system, it’s removal should

not affect the stochastic analysis, except to decrease its complexity.
Analysis

One benefit of non-stochastic analysis is that a guarantee with regards to
system behavior is obtained. This guarantee might allow the manufacturing
system to be optimized, in that additional equipment might have been added

to the system in order to account for the temporal uncertainty. For example,
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with respect to our example in Figure 3, let us assume that M3 needs to
operate on parts leaving M; within a bounded interval of time, say, at most
50 time units after leaving M;. Perhaps M; applies a chemical which must
not evaporate before the part enters Mjs, or M; heats up the part which must
remain above a specific temperature before entering M3, etc. There are many
sequential manufacturing processes which possess temporal constraints. In
our example, we will assume that it is the upper bound which is critical;
more formally, the manufacturing process requires 7(f) — 7(bx) < 50. Other
manufacturing systems might require a lower bound. In reality, situations
such as this (where it might be difficult to determine if the constraint will
be met) are often explicitly avoided due to a lack of understanding regarding
the temporal behavior of the system. Typically the production line is in-
stead modified, perhaps at some loss of efficiency, in order to accommodate
the temporal constraints. Our analysis permits more efficient production
lines to be designed, and allows unnecessary equipment to be removed (e.g.,
if equipment is added in order to ensure constraints which will always be
satisfied).

Let us consider the temporal constraint present in our example system.
If there were only two carts in the entire system (one on each track) then it
can easily be seen that the constraint will always be met. We do not need
the TSE algorithm for such a simple argument. Adding up the upper bounds
on the path from b to f yields 35 (25 + 1 + 4 + 5) but we must answer a
potentially difficult question: “How long might we wait at the transfer point
c?” With one cart on each track, we merely need consider the previous point

in time when both carts where at c. A large wait will occur if the cart on
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the first track moved quickly: 2 + 2 4 25 (we use 25 because this was our
assumption above) and the other slowly: 1+4+5+14415, thus the maximal
wait in this case is 10 (39 —29), and thus 7(fx) — 7(bx) < 45 < 50. If we add
a second cart to the second track, the maximum wait at ¢ might go down,
and the system should still operate correctly.

Let us assume that management wishes to increase production, which can
be accomplished in our example by simply adding more carts to the system.
A simulation study could be used to determine the benefits that would accrue
from increasing the number of carts on the first and second tracks. Table
2 presents average values of 7(gx) — 7(gx—1) obtained from simulations of
the example system with varying numbers of carts on the two tracks and
uniform random distributions for the delays. Each simulation ran for 10, 000
time units and required approximately two seconds of CPU time.

From this analysis, we can conclude that adding additional carts to the
the two tracks can improve production capacity, but only until a different
bottleneck appears. In our example, it is the processing time required by
Ms, i.e., [12,14], which explains the average of 13 which is obtained given
sufficient numbers of carts on the two tracks. This analysis, however, does
not indicate whether or not our production line will operate correctly given
the temporal constraint which must be observed. Table 3 summarizes the
results of the TSE algorithm which is used to determine an upper bound on
the maximum separation in time between b and f, i.e., we report the smallest
A such that in any execution of the system, for all event occurrences k£ > 0,
7(fx) — 7(br) < A. Each analysis required approximately .2 seconds of CPU

time.
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Some of this analysis agrees with our intuitive understanding of the sys-
tem. If there is only one cart on the first track, we expected the delay to be
at most 45 if there was only a single cart on the second track, and less if there
were additional carts. One might also expect that increasing the number of
carts on the first track could cause problems, because additional parts would
be processed by M; (and end up at b) even though the number of carts on
the second track is limiting production capacity. Thus, the maximum sepa-
ration might potentially be too great, because we essentially have increased
the duration of the maximum wait at the transfer point c.

Note, however, that the complex dynamic interaction that is present in
the system often defies intuitive understanding. For example, if there are two
carts on the first track, the only situation in which our upper bound is met
is if there are three carts on the second track. We can gain confidence in the
result by by comparing these results to those obtained from simulation. In
Table 4 we report the maximum observed separations for b to f obtained from
simulating the system using uniform random distributions for the delays.
Each simulation ran for 10,000 time units and required approximately two
seconds of CPU time.

Note that these bounds are not always equal to those found via analysis.
This is to be expected — simulation can not provide absolute guarantees as
can be provided by our algorithm. It is also evident that increasing the
number of carts on the tracks can affect the maximum separation, even if
the production capacity is not affected by the increase.

The analysis for our example indicates that, fortunately, production ca-

pacity can be maximized, and our upper bound constraint satisfied, if there
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are two carts on the first track and three carts on the second. If our analy-
sis had indicated that maximizing production would result in the constraint
always being violated, we could have used the TSE algorithm to explore pos-
sible modifications to our system. For example, one potentially important
(yet simple) solution would be to simply require that we do not release empty
carts all at once into the system. We could modify the initial behavior (spec-
ified using the root portion) to perform this study. Of course the temporal
uncertainty in the system might not allow such a solution, and we might need
to rely on the more drastic methodology of inserting delay. Other interesting
studies could also be performed. We might wonder about the characteristics
of part delivery at g (stochastic analysis could tell us the average delivery
rate, but provides little insight into the minimum and maximum separation
times between consecutive deliveries), or the affects of changing processing or
transportation times. We could also examine separation times that are not
consecutive, e.g., 7(gx) — 7(gr_100), in order to ascertain whether the system

contains any self-stabilizing behavior.

Conclusion

We believe that non-stochastic analysis is useful for gaining insight into the
complex temporal behavior of manufacturing systems. Although some as-
pects of behavior are intuitive, even relatively simple systems such as those
we have described (which consist only of synchronization and delay), often
exhibit unexpected behavior which cannot easily be understood. Informal
analysis is particularly ineffective in analyzing these systems, and simula-

tion cannot provide absolute guarantees. The large amount of parallelism
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present in many systems makes informal analysis extremely difficult (if not
impossible) and of course the parallelism exists in order to maximize effi-
ciency. Formal analysis tools such as the TSE algorithm, which can be used
to determine exact (tight) bounds on separation times between arbitrary sys-
tem events, are thus quite useful. The bounds may be needed in order to
verify the correct operation of a manufacturing system containing temporal
constraints. Non-stochastic analysis is not nonsensical. It may very well be
less important than the variety of techniques used to evaluate system per-
formance, but we believe that it is essential, and that the TSE algorithm

demonstrates both its efficacy and its efficiency.
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Table 1: Processing and transportation times for the example system.
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Figure 1: A timed event graph and part of its unfolding.
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Figure 2: Construction of Fj,, using matrices.

Time required

Activity minimum ‘ maximum
arrival frequency for new parts 5 10
processing on M, 2 4
move from M, to transfer point 15 25
move empty cart to M; 2 2
move from transfer point to M, 1 1
processing on M, 4
move from M, to Ms; 2 5
processing on M3y 12 14
move empty cart to transfer point 10 15
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Figure 3: Example manufacturing system.
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Figure 4: TEG for the example manufacturing system.

Carts on second track
Carts on first track | 1 ‘ 2 ‘ 3 ‘ 4

1 33 | 24 | 24 | 24
2 33 | 17 | 13 | 13
3 33 | 17 | 13 | 13

Table 2: Average values of 7(gx) — 7(gx_1) obtained from simulation.
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Carts on second track
Carts on first track | 1 \ 2 \ 3 \ 4

1 45 | 35 | 35 | 35
2 84 | 54 | 46 | 56
3 123 | 79 | 66 | 71

Table 3: Upper bounds on 7(f) — 7(by) obtained from the TSE algorithm.

Carts on second track
Carts on first track | 1 ‘ 2 ‘ 3 ‘ 4

1 43 | 35 | 35 | 35
2 81 | 47 | 41 | 54
3 117 | 72 | 55 | 67

Table 4: Upper bounds on 7(f) — 7(by) obtained from simulation.
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